Deformed Galilei symmetry 

Piotr Kosiriski*, Pawel Maslanka* 
Theoretical Physics Department II 
University of Lodz 
ul. Pomorska 149/153, 90 236 Lodz, Poland 



Abstract 

A particular deformation of central extended Galilei group is con- 
sidered. It is shown that the deformation influences the rules of con- 
structing the composed systems while one particle states remain basi- 
cally unaffected. In particular the mass appeared to be non additive. 



1 Introduction 

Quantum groups have emerged in physics in connection with an a attempt 
to understand the symmetries underlying the exact solvability of certain 
quantum-mechanical and statistical models ffl. 
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In this respect they appeared to be quite powerful. It is therefore natu- 
ral to pose the question whether quantum groups could provide a suitable 
tool for describing another symmetries in physics, in particular the space- 
time ones. From the mathematical point of view one can define a variety 
of deformations of classical space-time symmetry groups. They posses some 
attractive features. For example the deformation of Poincare symmetry, con- 
structed in [Q] provides a ten-parameter symmetry "group" with dimensional 
parameter naturally built in; one can speculate that this parameter is a nat- 
ural cut-off or reflects the change of properties of space-time at very small 
scale. However once we take seriously the very idea of quantum symme- 
tries we are faced with many conceptual problems: what is the meaning of 
non-commuting group parameters, how to deal with non-cocommmutative 
coproduct on the Lie algebra level, etc. There exists no general, commonly 
acceptable solution to these questions. An order to shad some light on them 
in the present paper we describe a particular example of rather mild deforma- 
tion of Galilei group which admits a nice and simple physical interpretation 
(on the Lie algebra level this deformation was given in ||). The quantum 
group we are considering is a deformation of the standard central extension 
of classical Galilei group constructed in such a way that only the relations 
concerning the additional group variable are modified. Our basic assump- 
tion is that the projective representations of (classical) Galilei group arise 
from vector representations of our deformed group. It appears then that 
the one-particle representations remain unmodified except that the physical 
mass cannot be directry identified with the eigenvalue of mass operator and, 
moreover is bounded from above. The quantum structure influences the way 
the many-particles states are constructed. The main difference is the way 
the total mass of composed system is defined; the mass is no longer additive. 
We address also to the problem of non-commutativity of coproduct for gen- 
erators and show that both direct and transpose coproduct lied to physically 
equivalent theories. We hope that the results presented below show that, at 
least in cases it is possible to give a coherent physical interpretation to the 
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notion of quantum space-time symmetry. 



2 The deformed centrally extended 
Galilei group 

Our starting point is the /t-Poincare group defined in Ref. [0]. Its defining 
relations read 

[A^A^] = 
[A^a'] = — ((A" - n)A p , + (A , - 8\)gw) 

[a^a y ] = -(5%a u - 5\a») (1) 

A(A^) = A» a ®A a v 

A(a M ) = A» a ®a a + ® I 

(A"„)* = A"„, (0* = ^ 



In order to obtain the deformed central extension of Galilei group, we 
follow the same procedure as in the classical case. First, we define a trivial 
extension of K-Poincare by adding new unitary generator £, 



K,AM=0, [£,a"] = 



(2) 
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A(£) = £®£ 



Then we redefine 



-imcaP 



( is again unitary and obeys 



a C = e « C« 



A - 

A°,C = C 



A'oC = C 



c/i(^)+A o^(^ 



A'iC = C(A^- 1 ^; (ctM^ + a)-A o)) ; rf/ia = A a 



c/l (^) + AO os/l( ^) 
(A°o) 

In order to apply contraction we redefine 
A% = 7 = (l-^7c 2 ) 
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A°, = ^v k R k i 



A\ = 2 v { (4) 

c 
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A*i = (^ + (7-1)^)^ 



a = or, a 1 = a 1 



where R l j represent rotations, RR T = R T R = I. Then we put k — > oo, 
c — > oo, ^ = fc-fixed. The resulting structure reads 

[v\ v j ] = [v\ R k j] = [v\ a J ] = [v\ r] = 

[a*,^-] = [a*,a J ] = [a\r] =0 

= [rVr] = (5) 

A(V) = R i j ®v j + v i ®I 

A(a') = R^®^ + v i ®r + a i ®I 

A(i^) = R i k ®R k j 

as well as 

< = Cr 
a k ( = e~f(a k 

v k ( = e~f(v k (6) 

a(c) = (c <gi ^) e -« m (4® T + t '' c - Rfc i® ai ) 
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It follows from eq.(|J) that, as long as the additional generator ( is neglected, 
we are dealing here with the classical Galilei group. Therefore we expected 
that the one-particle states are described by a standard theory. However, 
the description of many-particle states will be certainly affected. 

In order to find, via duality, the corresponding Lie algebra we define 

r, a, v, Q), where G* parametrise the rotation matrices R, to be a function 
on group manifold under the proviso that ( stands leftmost. The Lie algebra 
generators are then defined by the following duality rules: 

< H, <$>((, t, a, v,Q) > 

< P k , $(C, r, a, v,Q) > 

< J k ,<f>((,T,a,v,Q) > 

< K k ,<f>((,T,a,v,Q) > 

< M, $(C, r, a, v, G) > 

where // is an arbitrary mass unit (see below). 
The standard Hopf algebra duality rules imply then 

[Ji,Pk] = itikiPi, [Ji,Kk] = itikiKi 

[K,,P k ] = i5 a r JL^ {l - e- 3 *) (8) 
[Ki,H] = iP i: 



9$ 



—i 



.9$ 

da k e 

9$ 

dv h e 
9$, 



(7) 
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the remaining commutators being vanishing and 

AP, = Pi <g> a- M/K + I ® Pi (9) 
AKi = Ki®e~ M/k + I®K t 

the remaining copro ducts being primitive. 

This Hopf algebra, modulo simple redefinitions, was obtained firstly in Ref . || . 

3 One— particle dynamics 

Due to the fact that the classical Galilei group is a Hopf subalgebra one can 
define in a standard way its projective representations || 

**(p) - e < -£r^Y t ^o>{R)*AK' x $- m fv); (io) 

a' 

here nif denotes the physical mass of a particle. In the classical case the 
projective representations can be converted to the vector representation of a 
central extension of Galilei group || . Usually, the mass parameter enters the 
definition of this extension so that it depends on the projective representation 
we have selected. However, it is not difficult to rephrase the whole construc- 
tion in such a way that there is a universal central extension which produces 
all projective representations. In fact, we choose an arbitrary reference mass 
to define the central extension and consider the following representation 

®M - C-e { '^ T+P ' a) Y, D iAmAR^p- m f v) (11) 

cr' 
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It is obvious that one obtains the projective representation flTU|) . 

We follow the same strategy in the deformed case. Namely, we demand that 

p$ s (p) = (I®(»)e K 2m f 

J2(I ® I^(i2))^(p ® iT 1 - m/I <g> tf) (12) 

a' 

be the representation of It follows from the duality rules that m is an 
eigenvalue of M. However, contrary to the classical case, it differs in general 
from rrif. In fact, it is easy to check that p, as given by eq . (|12|) , provides a 
representation of G&, 



(pig) I) op = (J® A) op (13) 
only if the following relation holds 

-/ = T=?m {1 ~ e ' 2m,k) (14) 

In the limit k — > oo we get rrif = m, as expected. 

At first it seems that the condition that we are dealing with the representa- 
tions of Gfc does not give anything new: eq.([L4]) is merely a parametrization 
of the physical mass rrif in terms of some parameter m. However, it is m 
which is an eigenvalue of primitive generator M so it is m and not rrif which 
is additive. 

It is easy to see that by a dimensionless (and m/-independent!) redefinition 
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of the Ki and Pj generators eq.(|H|) can be put in form 



m t = \{l-e~ 2mlk ) (15) 



It follows now that the addition formula for physical masses reads 

2m tin' ' f , , 

M f = m f + m' f I — J - (16) 

Eqs.(|T5|) and ( pT6|) have interesting properties. Eq.(|TJ) implies mj < | so 
that | is a maximal possible mass value. This is the only modification for 
one-particle theory. It is then easy to check that this result agrees with the 
addition formula: nif < |, m'f < | imply Mf < |; moreover, if m/ = | then 
Mf = |; the value | plays the role of infinite mass in the theory (see also 
below) . 



4 Two— particle dynamics 



In order to describe two-particle states we demand that they should also 
transform according to the representations of Gfc. Let us first remind briefly 
the relevant construction in the undeformed case. The Galilean generators 
are then simply the sums of generators corresponding to both particles, Pj = 
P\i + Piii etc. Applying this assumption to the energy operators one obtain 
H = H\ + H2 which implies that the particles do not interact. However, 
due to the specific form of Galilei Lie algebra this situation can be cured in 
a simple way (contrary to the relativistic case). The energy operator does 
not appear on the right-hand side of commutation rules. Therefore, one 
can redefine H = Hi + H2 — > Hi + H2 + V, where V commutes with all 
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generators. Due to the fact that two-particle representation is reducible, V 
can be nontrivial. In fact, it can be any function of "relative" dynamical 
variables (pi — P2) 2 , — 1^J~) 2 > e ^ c -5 these relative variables form, together 
with Galilean generators, the complete set of dynamical variables. 



Let us follow the same procedure in the deformed case. Using the coproduct 
formulae (0) we define the generators of two-particle representation of G&: 



P = e -—f+p f (17) 
K = e'^k + k' 



the remaining generators being simply the sums of their one-particle coun- 
terparts. Let us put for a moment aside the problem concerning noncommu- 
tativity of the coproduct (the construction of total dynamical variables seems 
to depend on numbering of particles). In order to construct the two-particle 
dynamics we supply the generators of G& by additional ones (relative vari- 
ables) such that (i) together with the generators of G& they form a complete 
set of operators, (ii) they have definite properties under rotations and (iii) 
the standard Heisenberg commutation rules among coordinate and momenta 
hold. 

It is easy to check that these conditions are met by the following choice 
p = e~ m ^ k p + p' (total momentum) 

R = j^-{e- m ' /k K + K') ("center-of-mass" coordinate) (18) 
IT = Tj~( m /P — m f e ~ m ^ h p') (relative momentum) 



10 



e m l k — - (relative coordinate) 



m f my 
Let us note the following identity 



p 2 p> 2 P> n 2 

2m f 2m' f ~ 2M f 2v f 



where 



m f m' f , 
1 M f v 1 



is the deformed reduced mass. Let us note that Vf = mf if m'j- = | which 
supports the point of view that | plays a role of infinite mass. Now, following 
the standard procedure we can introduce the interaction by adding to the 
total kinetic energy on arbitrary function V(|/o|, |n|, p ■ II). If, as in the 
undeformed case we restrict ourselves to the coordinate-dependent potential 
functions we arrive at the following form of total hamiltonian 



p2 / n 2 



2M f \2vf 



As an illustration consider a simple toy model of the k-deformed hydrogen 
atom. Its hamiltonian reads: 



H 



-2 ^2 

P V 
2m f 2m' j 



r — 



1 2m 'f -/ 
l__/ r / 



(21) 



11 



where rrif and m'f are the masses of electron and proton, respectively (their 
role can be exchanged - see below). It follows from eq.(^) that in the relative 
coordinates H takes a standard form 



H 



p 2 IT 2 e 2 



(22) 



2M f 2v f \p\ 



so the energy spectrum reads 




4 

ve 



( 




) 



(23) 



'n 



2h 2 n 2 



2k 2 n 2 




where v is standard reduced mass ( = — -r-4- ) . The question can be posed 



whether this correction is in principle observable. This depends on whether 
rrif and m'f are observable masses of electron resp. proton. They should be 
measured by making them interacting with infinitely heavy source of forces 



reduced mass is just the mass of the particle under consideration. Therefore, 
the masses rrif and m'f are, in principle, measurable and so is the correction 
to the Bohr formula. 

Let us now consider the problem of apparent asymmetry in construction 
of two-particle states (the problem of coproduct in the context of particle 
interaction was also considered in 0). It seems that our theory depends on 
the choice of order in which we add particles to the system; this is obviously 
related to the noncocommutativity of the coproduct. If it were true to the 
whole theory would make no sense. However, it is not difficult to show 
that the order in which we add particles is immaterial - both description are 
related by an unitary transformation. In fact, using the transposed coproduct 
we arrive at the following set of basic dynamical variables replacing those 
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which, in our theory means that its mass equals |. But in this case the 
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given by eqs.(|T%D 



$ = p + e ~ m ' k p' 



R = (K + e~ m/k K') (24) 



n = — (m'fpe m/k - rrifp' 



P 



Ke- m/k K' 



First two equations represent simply the transposed coproduct. The relative 
variables are chosen such that they obey Heisenberg commutation rules. The 
ambiguity in sign of II and p is resolved by demanding that our transforma- 
tion does not exchange particles (i.e. reduces to an identity for k — > oo). It 
is easy to check that both sets of variables, eqs. (pT8|) and fl24|) are related by 
the following unitary transformation 



/m f m'(l-\/ 1 

: arctan I ± £ — [ I {K®P-P®K) 



f 



lm,m' I 2m' / 2 m t 



U = e \ * ~ fV ~ ) (25) 

We conclude that whatever order of composing the system we choose, the 
result is, up to an unitary transformation, the same. Let us now consider a 
particular case of identical particles. Define the exchange operator S as 

S® aa ,(p,p') = QMp'iP) (26) 
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It easy to see that 



{US) 2 



I 



(27) 



Therefore, one can define bosonic vs. fermonic states as obeying 



±®aa>(p,P) 



(28) 



In the limit k — > oo, U — > / and our definition coincides with the standard 
one. For any k it reverses the sign of relative coordinates. Consequently, it 
imposes the same restriction on admissible states and observables as classical 
Fermi-Bose symmetry. 



5 Conclusions 

We have presented simple nonrelativistic quantum mechanical model based 
on deformed centrally extended Galilei group. The deformation considered 
Leaves the proper Galilei group unaffected. The main assumption was that 
the physical states form the vector representations of this central extension. 
The one-particle states do not differ from their undeformed counterparts 
and span the representation space of projective representation of standard 
Galilei group, the only difference being the relation between the physical mass 
and the eigenvalue of additional generator (mass operator). In particular, 
this relation implies an upper bound for particle mass, rrif < |. The main 
difference concerns the way the many-particle states are constructed. The 
addition formula for masses is modified in the way it contains the deformation 
parameter k. It obeys a consistency condition that adding two masses below 
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the |-bound one gets the total mass obeying the same inequality. Also, 
the definition of reduced mass is modified. However, we have shown that 
once the two-particle interaction is expressed in terms of relative coordinates 
(it should be expressible if the theory is Galilei-invariant) the theory takes 
standard form except the above — mentioned difference in the definition of 
reduced mass. Corrections to the reduced mass are, in principle, observable 
because the masses of individual particles can be determined by making them 
interacting with "infinitely heavy" (rrif = |) source. 

The main difficulty inherent in the formalism is that the total as well as 
relative variables depend on the order in which particles are added to the 
system. However, the theories obtained by selecting different orders are uni- 
tary equivalent which makes the whole scheme consistent. Suitable changes 
should be made in the case of identical particles. The modified conditions 
defining bosons and fermions are given in eqs. (|28|) . It appears that, once 
the wave function is expressed in terms of total and relative variables, they 
provide the same selection rules as in the standard case. 
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